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Abstract
The quantum mechanical transition between a free particle La-
grangian and the Klein Gordon field description of a free particle (par-
ticle wave duality) is conjectured to extend to an analogous construc-
tion of relativistically invariant wave equations associated with strings
and branes, which we propose to call brane-wave duality. Electromag-
netic interactions in the two systems are discussed. It is emphasised
that all integrable free field theories, including those of Dirac-Born-
Infeld type, are associated with Lagrangians equivalent to divergences
on the space of solutions of the equations of motion.
1 Introduction
In standard textbooks on QuantumMechanics, the description of free particle
motion by the classical point particle Lagrangian
L1 =
√√√√∑(∂Xµ
∂τ
)2
(1)
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goes over in terms of a field theory, to that given by the Lagrangian of a
Klein Gordon field;
L2 =
1
2
∑( ∂φ
∂xµ
)2
(2)
(for a massless field). This may be cited as an example of particle-wave
duality. To distinguish between Lagrangians which involve square roots and
those which do no we use a cursive notation for the former and a capital for
the latter. Is there a similar alternative description of strings and branes?
One goal of this article is to suggest that there is a natural extension. The
idea is that corresponding to each direction in the world-volume there should
be associated a field. For example the strings described by the Nambu-Goto
String Lagrangian
L3 =
√√√√√∑

(∂Xµ
∂σ
∂Xµ
∂τ
)2
−
(
∂Xµ
∂σ
)2 (
∂Xν
∂τ
)2 (3)
should also admit a description in terms of two fields with Lagrangian which
is some power of the following
L4 =
∑( ∂φ
∂xµ
∂ψ
∂xµ
)2
−
(
∂φ
∂xµ
)2 (
∂ψ
∂xν
)2
= −1
2
∑
µ, ν
(
∂φ
∂xµ
∂ψ
∂xν
− ∂φ
∂xν
∂ψ
∂xµ
)2
(4)
Here φ(xµ), ψ(xµ) are two fields and µ, ν range over the dimensionality of
space time. Likewise, a simple brane Lagrangian,
√√√√det
∣∣∣∣∣∂X
µ
∂σi
∂Xµ
∂σj
∣∣∣∣∣ may be
conjectured to be equivalent to a field theory with as many components as
there are world-volume co-ordinates with Lagrangian a power of
L = det
∣∣∣∣∣ ∂φ
i
∂xµ
∂φj
∂xµ
∣∣∣∣∣ =
(
n!(d− n)!
d!
)∑( ∂{φ1, φ2, . . . , φn}
∂{xµ1 , xµ2 . . . xµn}
)2
. (5)
Here the sum is over all permutations of the squares of Jacobians of the n
fields with respect to selections of n (the dimension of the world volume)
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out of the d co-ordinates xµ of space-time. This higher dimensional analogue
of particle-wave duality we might facetiously describe as brane-wave duality.
Similar ideas have been advanced before by Hosotani [1][2] and Morris [3][4].
What they do is to take the Lagrangian for a string in d-dimensions and relate
it to a Lagrangian for d−2 fields in d dimensions. This amounts to a change
of variables in their case. They show that the classical equations of motion
are equivalent under interchange of dependent and independent variables.
However, we should like to advocate that since the quantum mechanical
equation which describes a free particle is the Klein Gordon equation, for
only one field, independent of the dimension of the embedding space, it would
seem that in the case of n branes the field theories describing them quantum
mechanically should depend upon only n, rather than d− n fields. We shall
argue however, that it seems more attractive to take a square root as the
correct power, as this, as we shall demonstrate, guarantees covariance of the
equations of motion; the counterpart of the reparametrisation invariance of
the original Dirac-Born-Infeld brane Lagrangians.
The two properties found for the Nambu-Goto Lagrangian (L3), namely
that it transforms under reparametisation of the independent variables with
a factor which is the Jacobian of the transformation and that L3 vanishes or
is constant on the space of solutions of the equations of motion of the Schild
Lagrangian (L3)2,[5][6], have recently been shown to persist for Lagrangians
of the Dirac-Born-Infeld type [7][8][9] ,
L =
√
det |gij + Fij| =
√√√√det
∣∣∣∣∣∂X
µ
∂xi
∂Xµ
∂xj
+
(
∂Aj
∂xi
− ∂Ai
∂xj
)∣∣∣∣∣ . (6)
even in the presence of electromagnetic fields [10]. Analogues of both these
properties may be deduced for the wave field Lagrangians introduced in this
paper (5). We see the first of these as being common to all theories de-
scribing free objects, and devote the next section to a catalogue of examples.
These may in certain cases be extended to include supersymmetry. We then
demonstrate how the diffeomorphism invariance of the brane Lagrangians
translates into covariance of solutions for the wave fields with square root
Lagrangians. We then analyse in some detail the case of the point particle
and the string. Some special cases of these Lagrangians are shown to be
completely integrable in implicit form and finally we make some speculative
remarks concerning the coupling of gauge theories to the wave fields.
3
2 Lagrangians for free fields
In fact we may note that a generic property of free fields is that their La-
grangians vanish, or are divergences on the space of solutions of the equations
of motion which vanish, with vanishing first derivatives on the boundary.
This is trivial for L2, the Klein Gordon Lagrangian, which may be rewritten
after partial integration as
L2 = −1
2
∑
φ
∂2φ
∂x2µ
. (7)
Likewise the Dirac Lagrangian, iψ¯γµ∂µψ − mψ¯ψ which is already in null
form, that for the Maxwell theory and pure gravity all vanish on the space
of solutions of the equations of motion. It is not true of non abelian gauge
theory, except for the self dual sector, where, by definition
FµνF
µν =
1
2
ǫµνρσF
µνF ρσ, (8)
and the right hand side is a divergence. This principle extends to the wave
Lagrangians of Born-Infeld type in a straightforward manner. Here, under
field redefinitions φ → Φ(φ, ψ), ψ → Ψ(φ, ψ) the Lagrangian L4 =
√
L4
scales with a conformal factor which is the Jacobian of the transformation.
Also the quantity
φ
∂
∂xµ

 ∂L4
∂ ∂φ
∂xµ

 (9)
considered as a Lagrangian, reproduces the same equation of motion as does
L4 and is zero on the space of solutions. It thus differs from L4 by a diver-
gence. In a similar fashion
ψ
∂
∂xµ

 ∂L4
∂ ∂φ
∂xµ

 (10)
is itself a divergence. Similar remarks, mutatis mutandis, can be made about
the same constructions with φ↔ ψ. These statements are easy to prove and
simply depend upon the determinantal nature of L4. The key result, which
obtains also in general dimension for (5) is that
∑
µ
∂φi
∂xµ
∂L
∂ ∂φ
j
∂xµ
= 2δijL. (11)
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Consider
φ
∂
∂xµ

 ∂L4
∂ ∂φ
∂xµ

 = ∂
∂xµ

φ ∂L4
∂ ∂φ
∂xµ

− ∂φ
∂xµ

 ∂L4
∂ ∂φ
∂xµ

 . (12)
The first term on the right hand side is a divergence, the second is simply
−2L4, as a consequence of the determinantal properties of L4. Thus the
left hand side of (12) serves as an equivalent Lagrangian, giving the same
equations of motion as the original one. In the case of (10) the corresponding
term left over after extracting the divergence is zero, again as a consequence
of determinantal properties. Obviously this argument extends to dual brane
Lagrangians of any dimension. This property suggests that these Lagrangians
have a pseudo-topological aspect. If they were equivalent to divergences
without any further constraint, they would be fully topological; but here the
equivalence works only for solutions of the equations of motion.
3 Equations of Motion of Born-Infeld Type
For the classical point particle Lagrangian (1) then the equations of motion
can be written as
∂2Xµ
∂τ 2
∂Xν
∂τ
− ∂
2Xν
∂τ 2
∂Xµ
∂τ
= 0. (13)
For d dimensions then it is easy to verify that there are d − 1 independent
equations of motion. Now consider the string case in d=3 dimensions. The
Nambu-Goto Lagrangian L3 gives the single equation of motion
(
Jˆ1 Jˆ2 Jˆ3
) X
1
σσ X
1
στ X
1
ττ
X2σσ X
2
στ X
2
ττ
X3σσ X
3
στ X
3
ττ



 (X
1
τ )
2 + (X2τ )
2 + (X3τ )
2
−2(X1σX1τ +X2σX2τ +X3σX3τ )
(X1σ)
2 + (X2σ)
2 + (X3σ)
2

 = 0
(14)
where
X
µ
ij =
∂2Xµ
∂σi∂σj
, X
µ
i =
∂Xµ
∂σi
, and σi = (σ, τ), (15)
Jˆρ = ǫρµνX
µ
σX
ν
τ =
1
2
ǫρµν
∣∣∣∣∣ X
µ
σ X
ν
σ
Xµτ X
ν
τ
∣∣∣∣∣ (16)
In general, a typical equation of motion, of which only d−2 are independent
can be written in the following form:
JˆνX
ν
ij(L
−1)ij = 0, (17)
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where L is the matrix with components [L]ij =
∂Xµ
∂σi
∂Xµ
∂σj
and ν is chosen from
three of the values ν1, ν2, ν3 of the index µ which runs over 1 . . . d. Jˆν1
denotes the Jacobian
∂(Xν2 , Xν3)
∂( σ1, σ2 )
, omitting Xν1 etc. This can be extended
to strings in d dimensions and to branes. The only essential difference is that
in the typical equation of motion, ν is now an arbitrary choice of n+1 values
and Jˆν is now a Jacobian of a subset of n of those variables x
ν , with respect
to the n world sheet co-ordinates σj .
Computer calculations show that for a the Nambu-Goto Lagrangian there
are d − 2 independent equations of motion. In general, an object (parti-
cle/string/brane) which sweeps out an n-dimensional world volume in d-
dimensional space-time has only d − n independent equations of motion.
The basic reason for this is that in the case d = n the Lagrangian is a
divergence, so all the equations of motion vanish.
4 Equations of Motion of Inverse Type
For the Lagrangians of inverse type, i.e. L2 =
√
L2, L4 =
√
L4 etc. there is
just one equation for L2 and two for L4 and so on, irrespective of the dimen-
sion of the total space; however these equations fall into sums of equations
appropriate to the minimal dimension for a non trivial embedding. What
this means is that for L2 in 2 dimensions, the minimal case the equation is
the well known Bateman equation [12]
(
∂φ
∂x1
)2
∂2φ
∂x22
+
(
∂φ
∂x2
)2
∂2φ
∂x21
− 2
(
∂φ
∂x1
)(
∂φ
∂x2
)
∂2φ
∂x1∂x2
= 0, (18)
to be discussed at greater length in section 5, while in 3 dimensions the equa-
tion is the sum of three Bateman equations, corresponding to the three ways
of selecting two co-ordinates out of three. A particular class of solutions to
these equations can be found by simultaneously setting these three Bateman
equations to zero. It is also noteworthy that these three equations also result
from the transformation of the three equations of the form (13) by exchanging
the roˆles of dependent and independent variables. Much the same happens
for L4. Here the minimal dimension is 3. The two equations of motion in d
dimensions fall into the sum of
(
d
3
)
copies of the minimal equations, whose
solution is discussed in section 5.
6
5 Covariance
This chapter deals with special properties of Lagrangian densities of the
previous form, but where the square root has been taken, as in the stan-
dard Born-Infeld. Here the feature of general covariance plays an important
roˆle. This works for arbitrary dimension; under the transformation of the
Lagrangian L of square root type under the field redefinition
φi → Φi(φ1, φ2, . . . , φn), (19)
L acquires a factor which is the Jacobian of the transformation and the
equations of motion are unaffected on account of (11) since they are given
by
∂J
∂φi
L − ∂
∂xµ

J ∂L
∂ ∂φ
∂xµ


=
∂J
∂φi
L − ∂J
∂φj
∂φj
∂xµ
∂L
∂ ∂φ
∂xµ
− J ∂
∂xµ

 ∂L
∂ ∂φ
∂xµ

 (20)
= −J ∂
∂xµ

 ∂L
∂ ∂φ
∂xµ

 = 0,
as the first two terms cancel on account of (11). Thus the square root of the
determinantal form is a generally covariant Lagrangian, which means that
any function of a solution remains a solution of the equations of motion.
In fact the equations of motion arising from these Lagrangians, in the case
where the number of co-ordinates xµ exceeds that of the number n of wave
fields by one are a generalisation of the Bateman equation1 and are expected
to be completely integrable, since this is the case for n = 1 and n = 2, as we
shall demonstrate in the next section.
5.1 Integrability in special cases
Consider the Lagrangian
Ltwo =
√√√√∑( ∂φ
∂xµ
)2
(21)
1for a generalisation in a somewhat different direction see [12]
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in the case of 2 dimensions (µ = 1, 2). This action is fully integrable as the
equation of motion is just the Bateman equation (18)
This equation has the general solution;
F (φ)x1 +G(φ)x2 = c = constant (22)
where F, G are two arbitrary functions. It is clearly covariant; if φ is a
solution so is any function of φ. It is equivalent to a Monge nonlinear wave
equation
∂u
∂x1
= u
∂u
∂x2
(23)
where
u =
∂φ
∂x1
∂φ
∂x2
. (24)
What is the situation with the next Lagrangian with 2 fields in 3 dimensions
(µ, ν = 1, 2, 3),
Lthree =
√√√√√∑

( ∂φ
∂xµ
∂ψ
∂xµ
)2
−
(
∂φ
∂xµ
)2 (
∂ψ
∂xν
)2 ? (25)
We know that the equations of motion are covariant; therefore we expect
that they are expressible in first order form in terms of two ratios of the
Jacobians
u =
φx1ψx2 − φx2ψx1
φx2ψx3 − φx3ψx2
v =
φx3ψx1 − φx1ψx3
φx2ψx3 − φx3ψx2
(26)
where φxµ denotes the partial derivative
∂φ
∂xµ
. The Lagrangian in the first
case takes the form
Ltwo = φx2
√
(1 + u2) (27)
Working out the equation of motion gives
∂
∂x2
1√
1 + u2
+
∂
∂x1
u√
1 + u2
= 0. (28)
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This equation is equivalent to (23). The remarkable feature of this La-
grangian is that any differentiable function f(u) instead of
√
1 + u2 will give
the same equations of motion [12]! This generalises; In the second case
Lthree = (φx2ψx3 − φx3ψx2)
√
(1 + u2 + v2) (29)
and the two independent equations of motion are
∂
∂x2
1√
1 + u2 + v2
− ∂
∂x1
v√
1 + u2 + v2
= 0.
∂
∂x3
1√
1 + u2 + v2
− ∂
∂x1
u√
1 + u2 + v2
= 0. (30)
√
(1 + u2 + v2) may be replaced by any arbitrary differentiable function of
two variables, f(u, v) and an equivalent pair of equations of motion is as
follows;
∂u
∂x1
= u
∂u
∂x3
+ v
∂u
∂x2
∂v
∂x1
= u
∂v
∂x3
+ v
∂v
∂x2
(31)
These equations admit an implicit solution for (u, v) given by solving the
equations
u = F (x3 + ux1, x2 + vx1), v = G(x3 + ux1, x2 + vx1) (32)
where F, G are two arbitrary functions of two variables. The general so-
lution to the equations of motion is given by setting u = U(φ, ψ) and
v = V (φ, ψ) where U, V are two further arbitrary functions, and solving
(31) for φ, ψ. This demonstrates the integrability of the equations of motion.
The generalisation to n fields in n + 1 dimensions will be straightforward.
It is anticipated that there will be an integrable generalisation to n fields
in d dimensions along the lines of the Universal Field Equation [12][13], but
that would take us too far afield and away from the spirit of the present
investigation.
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6 Electromagnetic interactions
The subject of electromagnetic interactions in the study of these new La-
grangians is at this stage somewhat speculative. In the original theory, elec-
tromagnetic interactions are implemented by the rather ad-hoc procedure of
adding an antisymmetric piece to the induced metric; gij → gij + Fij This
is consistent with the picture of having gauge fields living on the brane, and
presumably confined to it by some Meissner type effect. However the natural
way to couple electromagnetic fields to the dual theory is through a coupling
to the conserved currents in the theory. This will ensure gauge invariance.
It is easy to construct such conserved quantities, eg
J ijµ =
∂L
∂ ∂φ
i
∂xµ
φj, i 6= j (33)
and in the case i = j, the currents J ii − J jj are also conserved. There is
however an embarasse de richesse here as these currents carry two indices.
Thus the natural coupling is to a two index gauge field Aijµ transforming
under SO(n), i.e. the contribution
Lcurrent =
∑
i,j
Aijµ J
ij
µ (34)
represents the part of the Lagrangian coupling a non Abelian gauge field to
the fields φi. This suggestion, though appealing, is rather unorthodox. It is
however gauge invariant up to a divergence, as in the gauge transformation
Aijµ → OikAklµ Olj +Oik
∂
∂xµ
Okj (35)
the rotation matrices may be removed by a linear transformation of the fields
φi and the inhomogeneous term converted to an innoccuous divergence. If
one wants instead to mimic the Dirac-Born-Infeld incorporation of electro-
magnetism, the simplest assumption would be to suppose that Aµ depends
upon the co-ordinates xν only through their dependence upon φ
j with direc-
tion in a linear combination of the gradients of φj. Then we may set
Aµ =
∑
j
∂φj
∂xµ
Aj(φi). (36)
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Then a new Lagrangian which adds a term to the matrix components anti-
symmetric in (i, j), the antisymmetry being related to that of Fµν takes the
form with Lij = ∂φ
i
∂xµ
∂φj
∂xµ
L′ =
√√√√√det
∣∣∣∣∣∣
∂φi
∂xµ
∂φj
∂xµ
+
∂
∂ ∂φ
i
∂xµ
log(L) ∂
∂ ∂φ
j
∂xν
log(L)
(
∂Aµ
∂xν
− ∂Aν
∂xµ
)∣∣∣∣∣∣
=
√√√√det
∣∣∣∣∣Lij + (L−1)ip(L−1)qj ∂φ
p
∂xµ
∂φq
∂xν
(
∂Aµ
∂xν
− ∂Aν
∂xµ
)∣∣∣∣∣
=
√√√√det
∣∣∣∣∣ ∂φ
i
∂xµ
∂φj
∂xµ
+
(
∂Ai
∂φj
− ∂A
j
∂φi
)∣∣∣∣∣.
This manifestly gauge invariant suggestion is in the same spirit as the original
Born-Infeld Lagrangian especially if the square root form is taken.
An alternative suggestion to compare the Kalb-Ramond string interaction
Bµν
∂Xµ
∂σ
∂Xν
∂τ
(37)
seems less satisfactory, because on the dual brane side this would give
Bµν
∂φ
∂xµ
∂ψ
∂xν
(38)
and this interaction, though gauge invariant is more like a Pauli term than
one coming from minimal coupling.
7 Conclusion
While our answer might require some modification, we believe that we have
posed an interesting and important question; to find Lagrangians for fields
which bear a similar relation to String and Brane Lagrangians as does the
Klein Gordon to that of the classical point particle. A common characteristic
of these Lagrangians, as indeed of all free theories, is that they are pseudo-
topological, i.e. the Lagrangian is equivalent to a divergence on the space
of solutions of the equations of motion. If the square root form is taken
11
then the new Lagrangians are covariant, and the equations of motion are
integrable and coincide in the case that the dimensions of space-time exceeds
the that of the fields by one, with the Universal Field Equations proposed
earlier [12][13]. Some ideas for the introduction of gauge fields have been
discussed.
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